It is well known that the sound produced by string instruments has a well defined pitch. Essentially, this is due to the fact that all the resonance frequencies of the string have integer ratio with the smallest eigenfrequency. However, it is enough to use AshbaughBenguria bound for the ratio of the smallest two eigenfrequencies to conclude that it is impossible to build a drum with a uniform density membrane satisfying harmonic relations on the eigenfrequencies. On the other hand, it is known since the antiquity, that a drum can produce an almost harmonic sound by using different densities, for example adding a plaster to the membrane. This idea is applied in the construction of some Indian drums like the tabla or the mridangam. In this work we propose a density and shape optimization problem of finding a composite membrane that satisfy approximate harmonic relations of some eigenfrequencies. The problem is solved by a domain decomposition technique applied to the Method of Fundamental Solutions and Hadamard shape derivatives for the optimization of inner and outer boundaries. This method allows to present new configurations of membranes, for example a twodensity membrane for which the first 21 eigenfrequencies have approximate five harmonic relations or a three-density membrane for which the first 45 eigenfrequencies have eight harmonic relations, both involving some multiple eigenfrequencies.
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Introduction
Let ⊂ R 2 be a bounded domain, and consider the Dirichlet eigenvalue problem,
defined in the Sobolev space H 1 0 ( ). This is a model for the vibration of a drum where the shape of the membrane is defined by the geometry of . ρ is the density of the membrane and we will assume that ρ = ρ 1 χ \D + ρ 2 χ D and ρ i > 0, i = 1, 2.
We will denote the eigenvalues by 0 < λ 1 In this work we will focus on the acoustic properties of a drum that can be modeled by problem (1) . In particular, in this simplified model we are neglecting the body of the drum.
The one-dimensional problem with ρ ≡ 1 is a model for the vibration of a uniform string. In that case, it is well known that the eigenfrequencies are given by κ i ( , 1) = iκ 1 ( , 1) , i = 2, 3, 4, ... (2) In particular, all the eigenfrequencies have integer ratio with the smallest eigenfrequency which is called fundamental. This property implies that the sound produced by string instruments like the violin or the piano have a well defined pitch (e.g. [7] ). Indeed, this also justifies that the same happens for the sound produced by a broad class of musical instruments. For example, the clarinet, the flute or the trumpet and most wind instruments are essentially one-dimensional resonators which implies that the eigenfrequencies satisfy the harmonic relation (2).
If we consider the two-dimensional problem (again with ρ ≡ 1) we see that it is impossible to have the harmonic property (2). This follows immediately from Ashbaugh-Benguria bound for the ratio of the first two eigenvalues [4] , which can be written in terms of the eigenfrequencies as
where j 0,1 and j 1,1 are respectively the smallest positive roots of Bessel functions J 0 and J 1 . We have
which implies that it is impossible to build a harmonic drum with uniform density ρ ≡ 1. The optimization of the ratios κ n ( , 1)/κ 1 ( , 1) was considered in [11, 3] and these numerical studies suggest that these ratios are clearly below the corresponding integer number, i.e. κ n ( , 1)/κ 1 ( , 1) < n.
However, it is known since the antiquity that a drum can produce an almost harmonic sound by using different densities, for example adding a plaster to the membrane. This reduce the 'harshness of sound' ( [6] , chapter 33, verse 25-26) and is applied in the construction of some Indian drums like the tabla or the mridangam (Fig. 1) . The tabla consists of a pair of drums, the dayan with a concentric loading and the bayan with eccentric loading, while the mridangam is a double headed drum which is played with both hands. This type of drums are pictured in the paintings of the walls of Ajanta caves, which clearly indicates that it is a very ancient invention. The technique of using different densities allows to modify the eigenfrequencies to have an almost harmonic relation. This effect was studied experimentally by the Nobel Prize-winning physicist Raman and coworkers (e.g. [14, 13] ) by calculating the eigenfrequencies of the mridangam. They observed that the first eigenfrequencies had approximate five harmonic relations, involving some multiple eigenfrequencies. The higher eigenfrequencies were not harmonic but were almost suppressed.
This almost harmonic relation was also obtained in several computational works (e.g. [12, 8] ), where the drum head was modeled as a composite circular membrane with a concentric circular inner region. In this case, we can use separation of variables and (1) is reduced to a one dimensional eigenvalue problem that can be solved analytically. Thus, the problem considered in those references is an optimization problem of minimizing a function of two variables, whose values are obtained by Bessel functions. One of the conclusions that arise from those studies is that the configuration of the dayan that was certainly obtained by a trial and error procedure provides very good approximations for a few harmonic relations.
In this work we will consider a shape and density optimization of inner and outer sub-regions of the membrane aiming to suggest non-trivial configurations that can provide some approximate harmonic relations. This problem will be solved by a domain decomposition technique applied to the Method of Fundamental Solutions and Hadamard shape derivatives for the optimization of both sub-regions.
Numerical solution of the eigenvalue problem
In this work we will search for configurations of membranes that provide some harmonic relations at the beginning of the spectrum. For now we will assume that we have just one sub-region D, as illustrated in Fig. 2 , but the case of several sub-regions could be considered in a similar manner. We will denote by n the unitary vector that is normal to the boundaries ∂ D or ∂ and is oriented towards the exterior of the domain. This means that for a sufficiently small > 0, x + n ∈ \D, ∀x ∈ ∂ D.
We will assume that and D are star-shaped domains with boundaries parameterized by
and consider the approximations, for some N r ∈ N,
and
The eigenvalue problem (1) can be solved by a domain decomposition technique. We will denote by u D and u \D the restrictions of an eigenfunction respectively to D and \D. Thus, (1) is equivalent to the problem
Note that, since ρ 1 and ρ 2 are constants, the PDE's involved in the problem (7) 
where . is the Euclidean norm and H (1) 0 is a Hankel function of the first kind and consider the approximations
where Fig. 3 .
We follow the choice of source points described in [1, 2] . Given a sample of points
distributed on some boundary, we calculate the source points by
where n j is the unitary outward normal vector to the boundary at the point x j and δ is a positive parameter. 
With a similar argument to that was used to prove Theorem 1, we can obtain a density result for the approximation in u \D , but in that case we must assume that κ \D is not an eigenfrequency of the domain ˆ 1 , whose boundary is ˆ 1 (see Fig. 3 ).
It is straightforward to calculate the gradient of a MFS linear combination. We know that for r > 0,
and thus,
For arbitrary sets of points X = {x
We assume that we have sets of collocation points 
We will also define sets of points randomly distributed in each of the sub-regions
Note that by construction, the linear combinations ũ D and ũ \D satisfy the corresponding PDE's in problem (7), since we are using a fundamental solution of the Helmholtz equation. Thus, for solving (7), we can focus just on the approximations of the boundary conditions on ∂ and continuity conditions at the interface ∂ D, which can be written as a linear system,
T . We will also define the matrix
The numerical approximations for the eigenvalues of the two-density membrane can be calculated by plotting σ 1 (λ), the smallest generalized singular value of {A(λ), B(λ)} and calculating the local minima (e.g. [5] ).
Optimization of the shape and the densities of the membrane
We will search for optimal configurations of membranes, in the sense that we have almost harmonic relations in the first eigenfrequencies. We will denote by [x] , the integer number that is closest to x and to avoid ambiguities we define [i + 1 2 ] = i, i = 1, 2, .... Then, for each domains , D and density ρ we define an integer number H, which is the number of harmonic relations to be involved in the optimization. Then, we build two vectors
where N κ is the number of eigenfrequencies that are considered in the optimization and is defined such that q N κ −1 = H and q N κ = H + 1.
To measure how far we are from harmonicity de define 
we denote the set of bounded Lipschitz maps from R d into itself and I is the identity. We 
As a consequence we have the following
Theorem 2. The functional λ i (t) is differentiable at t = 0 and
Proof. The eigenfunction satisfies the normalization condition
On the other hand,
and differentiating,
by using Green's first identity. Now using the PDE of the problem, we have 
Thus,
Since the functional F ( , ρ, N κ ) was defined in terms of the eigenfrequencies (not the eigenvalues) we have
Proof. Is follows immediately from Theorem 2 using the fact that
Regarding the derivative of an eigenvalue with respect to perturbations of the density, we know that (e.g. [9] )
which implies that
Now we note that we have ρ = ρ 1 χ \D + ρ 2 χ D , thus, the derivatives of the eigenfrequency with respect to perturbations of the parameters ρ 1 and ρ 2 are given respectively by
The optimization problem for the harmonic membrane is solved by the minimization of F ( , ρ, N κ ) with some constraints, namely
Moreover, we assumed that D ⊂ , which can be written as a constraint. We will denote by θ(x, y) the four-quadrant inverse tangent function that for each point (x, y) ∈ R 2 \ {(0, 0)} associates an angle in (−π , π]. Thus, for some M T , we
and using (3), (4), (5) and (6), for each t i we have a nonlinear constraint
Numerical results
In this section we present some numerical results obtained with our algorithm. Typically we used the following param- In all the numerical experiments, we considered the optimization on both ρ 1 and ρ 2 . However, we present the numerical results just for the quantity R := √ ρ 2 /ρ 1 , as in previous studies on this subject (e.g. [8] ). Indeed we could consider just the optimization of R. The main objective is to have a membrane with a few harmonic relations on the first eigenfrequencies, but not to have a membrane with a prescribed fundamental frequency. Of course, once we modify the densities ρ 1 and ρ 2 , keeping R constant, the fundamental will change but not the qualitative acoustic properties of the membrane in terms of the harmonic relations on the eigenfrequencies. Assuming that we have a configuration that allows to have some harmonic relations on a few eigenfrequencies, we can easily prescribe the pitch of the drum, just by considering an appropriate homothety of the region.
The choice of H may affect slightly the configurations of membranes that are obtained with the optimization procedure. However, it is not very important to prescribe a very large number H, since the higher overtones are damped and the corresponding eigenmodes contain little energy (e.g. [13, 7] ). Moreover, the choice of a large value of H would imply an increase of the computational cost, since there would be a large number of eigenvalues involved in the objective function.
We considered examples obtained with H = 6 and H = 9.
In the first example we considered H = 6, which means that the optimization procedure is applied to determine configurations that provide five (approximate) harmonic relations. Table 1 shows the value of the harmonicity function (12) and the approximate harmonic relations of four configurations of membranes. The first configuration that was considered corresponds to the one usually associated with the dayan. In this case and D are concentric disks. The ratio of the radii is equal to 0.4 and the densities satisfy √ ρ 2 /ρ 1 = 3.125 (e.g. [8] ). As was mentioned in the introduction, this configuration allows to have good approximations for some harmonic relations. However, we can identify some (double) eigenfrequencies for which the corresponding ratios with the fundamental are not close to an integer number, for example the ratios 4.81979, 5.43927 or 6.23221.
The second configuration is the optimal two-density membrane for which and D are concentric disks. This problem can be simplified using separation of variables in polar coordinates and we obtain a one dimensional eigenvalue problem whose solutions are given by Bessel functions. For obtaining this optimal configuration, we considered the minimization of the harmonicity function (12) by a direct search method. The eigenvalues were calculated solving the nonlinear equations involving Bessel functions. This problem is much simpler than the general optimization considered in this paper, because it can be formulated as a minimization of a function that depends just on two variables, for example the ratio of the radii of and D and the quantity √ ρ 2 /ρ 1 . We obtained that the optimal ratio of the radii is equal to 0.38910786 and √ ρ 2 /ρ 1 = 2.9264663. In this case we have better approximations for harmonic relations, but we still have some ratios not close to be integer numbers, namely 4.59992 and 5.19960. Finally, we show results for the numerical optimizer obtained with our algorithm, which is plotted in Fig. 4 -left. In this case we have √ ρ 2 /ρ 1 ≈ 4.2268822 and we obtained good approximations for harmonic relations that are presented in the Table 1 The optimal value √ ρ 2 /ρ 1 , the value of the harmonicity function (12) and the approximate harmonic relations for four configurations of membranes -the dayan, the optimal configuration obtained with concentric disks, and two numerical optimizers obtained with our numerical algorithm which are plotted in Fig. 4 .
Membrane configurations

Dayan
Optimal concentric disks 
for some parameter η > 0. Note that, due to the classical isoperimetric inequality, the penalization term is always nonnegative and vanish only if and D are both disks. Thus, if η = 0, we havẽ
and we obtain the previous optimizer. On the other hand, if η is very large, we expect the optimizer to be the optimal union of disks. We considered the optimization with η = 10 −4 and obtained a new optimizer which is plotted in Fig. 4 -right. The corresponding results are shown in last column of Table 1 . In last example we considered the optimization problem with eight approximate overtones (H = 9) among two-and three-density membranes. Table 2 shows the main results that we gathered. The first column contain the results corresponding to the dayan. The second column is related with the optimal configuration among two-density membranes with concentric disks. In this case, the optimal ratio of the radii is equal to 0.38872192 and √ ρ 2 /ρ 1 = 2.9372957. The third column presents the results obtained for the numerical optimizer which is plotted in Fig. 7 -left. In this case, each overtone is generated by degenerate eigenfrequencies with increasing multiplicity. The first overtone (the octave) is generated by a double eigenfrequency, the second overtone by a triple eigenfrequency and so on. In Fig. 5 we plot eigenfunctions associated with the fundamental, two eigenfunctions associated to the first overtone and three eigenfunctions generating the second overtone. Fig. 6 presents the plots of nine (linearly independent) eigenfunctions generating the 8th overtone. We can observe that some of the eigenfunctions (for example the last six eigenfunctions) are mostly localized inside D, while some of them (the first three eigenfunctions) have also resonance in \D.
We considered also optimization among three-density membranes. In this case, we assume that we have domains satisfying D ⊂ D ⊂ and the density is given by
The fourth column of Table 2 shows results for the optimal configuration among concentric disks. In this case, is we assume that the radius of the outer circle is equal to one, then the radii defining the interior disks are equal to 0.34971358 and 0.49022465 and we have were obtained running the optimization process with H = 9. However, these optimal configurations allow to have some additional quotients q i close to being integer numbers. Fig. 8 shows the quotients q i , i = 1, 2, ..., 100 and the integer numbers are marked with a dashed red line.
Conclusions and future work
In this work we considered the problem of finding harmonic composite membranes. We developed a numerical method to solve the shape and density optimization of the composite membrane that allowed to present new configurations for composite membranes for which some of the first eigenfrequencies are multiple of the fundamental. In particular, we obtained two-and three-density membranes allowing to have (approximate) eight harmonic overtones. Besides these eight Table 2 The optimal value of the harmonicity function (12) and the approximate harmonic relations for some two and three-density membranes. overtones that were involved in the optimization, these optimal membranes provide also some additional higher eigenfrequencies close to be harmonic overtones. All the coefficients that define the optimal domains are included in the appendix (Tables 3-6 ), so that all the results can be reproduced by other studies. We hope that these new configurations can be used in the construction of real percussion instruments in order to build drums producing sounds with definite pitch. A further step towards the construction of these harmonic drums would involve an optimization of the largest number of eigenfrequencies such that the distance between the ratio with the fundamental to the closest integer number is smaller than the limits of human ear. Another question that should be taken into account is related with the point of the membrane where we strike the drum. We know that all the eigenfunctions u i , i = 2, 3, ... have nodal lines. Moreover, if we strike the drum at a point that is located on a nodal line of a certain eigenfunction, then the corresponding eigenmode is not excited. This technique is well known and used by the percussionists. They choose the location where to strike the membrane in order to have a desired sound, by selecting just some eigenmodes. For example, the configuration plotted in Fig. 4 -left allows to obtain five approximate harmonic relations, involving the first 21 eigenfrequencies. The highest ratio that was considered in the objective function was κ 21 /κ 1 which are far from being integer numbers. In Fig. 9 we plot the nodal lines of the eigenfunctions associated with the eigenfrequencies κ 22 and κ 23 , marked respectively with a thin blue line and a thick red line. A good strategy is to strike the membrane at any intersection of the nodal lines of both eigenfunctions.
Membrane configurations
Besides optimizing the shape and density of the membrane, we could try to optimize the point where to play the drum, so that we avoid the eigenfrequencies whose ratios with the fundamental are far from being harmonic.
Of course, a more realistic model for the vibration of a drum must include the effect of the body of the drum and the effect of the surrounding air. We hope to address this study in a future work.
Table 3
Coefficients of the optimal domain plotted in Fig. 4-left. Coefficients of the optimal domain (H = 6) 
Table 4
Coefficients of the optimal domain plotted in Fig. 4 -right.
Coefficients of the optimal domain (H = 6) 
Table 6
Coefficients of the optimal domain plotted in Fig. 7 -right.
Coefficients of the optimal domain (H = 9) 
